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AbstractThis paper aims to study the stability of the linear and nonlinear fractional differential equations in Mittag-Leffler-
Hyers- Ulam sense with Prabhakar derivative. By using the Fractional Fourier transform, we show that the introduced fractional
differential equations are Mittag-Leffler Hyers- Ulam- is stable with Prabhakar derivative. Some examples are given to
illustrate the main theoretical results.
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1.Introduction

Fractional calculus is a generalization of ordinary calculus to non-integer differentiation and
integration. There has been a lot t of contributions to the theory of fractional calculus by famous
Mathematicians are knowns: Laplace, Fourier, Abel, Leoville Letnikov, Heaviside, Weyl, Erdelyi, Go
Renflo and Mainardi et al. Fractional differential equations have recently become a very strong tool
in many fields such as Physics, Thermodynamics, Electrical circuit theory and fractalness, Seepage
flow in porous media, Mechatronics systems, signal processing, Chemical mixing, Chaos theory, etc.
Fractional differential equations and its applications are discussed up to date in books of Oldharam
and Spannier Sanko kilbas, Marcher, Miller and Ross, Podlubry [1-5]. The most important advantage
of using a fractional differential equation is their non-local property that is the next state of a system
depend not only upon its current state but also upon all of its historical states. when describing
differential, fractional and functional equations as physical models and practical problems, finding
exact solutions to these equations is improbably difficult. If there exist exact solutions is often so
complicated that is not convenient for numerical solutions. In view of this, it is necessary to discuss
approximate solutions that lie near-exact solutions.

Stanislaw Marcin Ulam introduced the Hyers-Ulam stability problem in 1940. He motivated the study
of the stability problems for various functional equations. He arises a list of unsolved problems with
the stability of homomorphisms. In 1941 Hyer [6] gave a brilliant answer to Ulam's question the answer
concerning the stability of functional equations for the case of approximately additive mapping G
and G, are assumed Banach spaces. This result plays a very important role in the study of the stability
of several functional equations. Rassias proved the Hyers- Ulam stability for additive Cauchy equation
later it is generated by Aoki for additive mappings [7,8]. Obbloza on of the first author who
investigated the Hyers-Ulam stability of differential equations. The Mathematicians [.A. Rus,
Takahashi, Wang Zhou, S.M. Jung, Aligifiary, Onitsuka et al [10-19] gave their contributions for Hyers
Ulam stability in differential equations. Wang Zhou et al[20]proved the stability of fractional
evolution equations and the stability of nonlinear differential equations with fractional integral
impulses, and they also contributed some new concepts in the stability of the fractional differential
equations. Liu et al[21] established the Hyers- Ulam stability of Linear Caupto-Fabinizio fractional
differential equations using Laplace transform method. J. Wang Y. Zhou [22] discussed Mittag-
Leffler- Ulam stabilities of fractional evolution equations. V. Kalvandi et al proved Mittag- Hyers-
Ulam stability of second-order differential equation and Emden of second order. Wang and li et al
obtained properties of Mittag-Leffler function and the Hyer- Ulam stability of fractional-order linear
differential equation using Laplace transform method.

Swedish mathematician Magnus Gosta Mittag-Leffler defined a new special function for divergent
series which is known as Mittag-Leffler (ML) function in 1948. Pollard[25] derived one parameter
Mittag-Leffler function. Main features of ML function and generalization of two-parameter Mittag-
Leffler function derived by P. Humbert, et al [26-28]. Extension of Mittag-Leffler function and the
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solution of some linear differential equations of non-integer order discussed in [29,30]. K.S. Cole, B.
Gross, M. Caputo, and F. Mandari gave their crucial contributions to fractional calculus and showing
the Mittag-Leffler function always appears in the material functions of a system described by
fractional-order equations.ML function was named the Queen function of the fractional calculus by
F. Mandari and R. Gorenflo.

Special praise is due to the three-parameter extension of the ML function introduced by the Indian
mathematician Tilak Raj Prabhakar in [31] dating back to 1971. Although this function was originally
analytical within the framework of weakly singular Volterra integral equations from a purely
mathematical perspective, it turns out that it plays an important role in the description of an
anomalous die electric relaxation. The effectiveness of the Prabhakar function is discussed in the
Harvrikliak-Negami empirical law. In 2002 A. Kilbas, M. Saigo, and R.K. Saxena [32] developed
Volterra operations involving the Prabhakar function. One of the left-inverse operators of the
Prabhakar fractional integral, which will later become known as Prabhakar fractional derivatives
(Riemann - Liouville type). M. D'Ovidio and F. Polito [33] provided a regularization of the fractional
derivative and named it after Indian Mathematician R. Garra et al [34] where the features of the
Prabhakar derivatives and some of their applications were discussed in depth. Relation between
Prabhakar and wright functions derived by L. Beghin and E. Orisingher [35]. R. B. Paris in the study
of the Prabhakar function represents a special case, which has then led to a specific resolution on
the Prabhakar function.

Stability region of fractional differential systems with Prabhakar derivative analyses with Caputo and
Riemann derivative in [36]. The Hilfer-Prabhakar derivatives and their applications in time delay,
time-fractional Poisson process its renewal structure discussed in [37]. Lyapunov Type inequality for
hybrid fraction differential equation with Prabhakar derivative discussed in [38]. An accurate and
robust numerical method is proportional to solve a class of nonlinear variable order FDE's in the
Caputo-Prabhakar sense by using Bernteon polynomials in [39].

Fourier transform (FT) was defined by French mathematician Joseph Fourier. The term fraction power
for the Fourier operators appears in the scientific field proposed by the winner in 1929. Fractional
Fourier transforms (FrFT) is the generalization of the conventional Fourier transform. In 1980 Victor
Nami initially introduced the FrFT gives the best outcomes for non-stationary signals than Fourier
Transform due to its time-frequency characteristics. FrFT is used in several scientific fields such as
optics, time-frequency distribution, image processing, satellite image compression signal image
recovery and noise removal, image smoothing, encryption, and decryption. V. Namias as a way to
solve FrFT plays a very important role in solving ordinary and partial equations. McBride and F. Kerr
developed operational calculus for FrFT later refined his results. Recently of | Hyers- Ulam stability
linear differential equations using Fourier transform proved by Murali Ramdos, Ponmana Selvan-
Arumugam and Choonkil Park, Hamid Rezaei et al [40,41,42].

The analytical solutions of the fractional differential equation described by the fractional-order
derivative operators is the main role in many stability problems. Motivated by the success of the
application of the Mittag-Leffler functions in many areas of fractional calculus we present this paper.
The main aim of this paper is to prove the Hyer-Ulam- Mittag-Leffler stability of the following
fractional differential equations using the fractional Fourier transform.

D;Mu(t) +du(t) =q), t* u(®)|i=0 , t€(0,T] ,d eR,
Dy () +du(t) = G(tu(®), t* Ul , te(O,T],dER,
and
DY u®) +du(t) —q®) =F@), t* 'u®)le= , te€(0T],deR,
Dy () +du(t) — G(t.u®)=F@©®), t*u®l= , t€(T],dER,

The paper has been organized as follows. In Section 2, basic definitions, Theorems, and lemmas
related to fractional derivatives, Mittag-Leffler function, Prabhakar derivatives, and Fractional
Fourier Transform are given. In Section 3,4 Mittag-Leffler- Hyers-Ulam stability of linear and
nonlinear fractional differential equations proved by using the Fractional Fourier transform. In
Sections 5 and 6 examples and conclusions are given.

2.Preliminaries

Definition 2.1 The Riemann- Liouville Fractional differential operator

Suppose that 8 > 0,t > a,0,a, teR then
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( f(1) )
DOF() = i ( 9) dt"f (t — T)0+1- —dT,n—1<6 <n,neN
dtnf(t) 0 = neN

is called the Riemann -Liouville derivative operator of order 6

Definition 2.2. The Mittag- Leffler Function
The one and two-parameter representations of the Mittag -Leffler function can be defined in terms
of a power series as

X

k
Ee(x)=21?=om,9>0 (2.1)

Egﬁ(x) Zk 0T(ﬁ+0k) 0 > 0 B > 0 (2.2)

The exponential series defined by (2.1) gives the generalization of (2.2) it’s introduced by R.P.
Agarwal in 1953.

Definition 2.3 Prabhakar function

In 1970 the generalized Mittag-Leffler function with three- parameter is introduced by Prabhakar as

(V)sz
BV )= ) K
B o T'(ak + B)
OR
g(Z) T(y + k) K

]1“( ) k' T(ak +B)
where z,a,8,y € C,Re(a) > 0, Re(B) > 0,Re(y) > 0
Where (g =y + DG +2) . (p +k—1) = TEFV(;;‘)
is a Pochhammer symbol.

This function is also known as the Prabhakar function.
Definition 2.4 Prabhakar Integral

Fore L'[a,b],0 <t < b < o, the Prabhakar integral operator including the generalized Mittag-Leffler
function is defined as follows.

EY o () = j (t = w)* B, (w(t — w))f(u)du, t > 0

Where p, u.w,yeC, R(p), R() > 0
Note 2.5 For = 0, the Prabhakar integral operator coincides with the Riemann-Liouville fractional
integral of order , that is

'(V)O = 1']/ * 0.

Eg,u,w.0+f = I(,JL+f

Definition 2.6 Prabhakar derivative
For € L'[a,b],0 <t < b < o , the Prabhakar derivative is defined by

m
Dyuw0+f(t) dtm pm uw0+f(t)
Where p, u.w,yeC, R(p), R(u) > 0.

Note 2.7 It is obvious that the Prabhakar fractional derivative generates the Riemann-Liouville
fractional derivative

f(t)_dtm[l ](t) m—1<yu<m.
Lemma 2.8 Lety,p,u,A € Cwith R(u) > 0. Then for any n € N differentiation of the generalized
Mittag-Leffler function is given by

d n
(&) [x”‘lEg‘u(/lx?’)] = xHTE) o (AxP).
Lemma 2.9

The following series including the generalized Mittag-Leffler function with three parameters y, p,y is
absolutely convergent series
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[oe]
— un p¥nty p
S = Z tHEpN L (AEP)
n=0

Where , teC, w, peR, R(p), R(1) > 0
Lemma 2.10
Suppose that
Ci—pla, T] = {u(t) € Cla,T]; t1Hu(t) € Cla, T]},0 < u < 1, and u(t) € Cla, T].
If there exists the limit
}H{L[(t —a) ™ u®)] =c, cecC,
Then the following relation holds:

(Ep_ly—,u,/lmu) (a®) ='W

Also, if (E_”_ +u) (a™) = b.b € C, and there exists the limit lim [(t — a)* *u(t)], then
pl-uda t-at
. _ 1_M - b
Am [(¢ = ) u®)]=re5

Definition 2.11 Fractional Fourier Transform
For a function, u € @ € (R), the fractional Fourier transform of the order a (0 < a < 1) ,u is defined
as

u, = (F,u)(w) = foou(t)ea(w, t)dt, weR

1

. =t
el <0
Where e,(w,t) = 1

e”“"at, w=>0
If @ =1, the kernel ¢, is defined by considering with the kernel of the conventional Fourier transform
e"Holt <0

e;(w,t) = {eilwlt'w =0
This means that the fractional Fourier transform of the order 1conventional Fourier transform
Definition 2.12 One-to-one
Let f,g € R - FF be continuous and f*. g* are piece-wise continuous.
If F(f(x)) = F(g(x)) then f(x) = g(x) for every x.
Definition 2.13 Convolution
The fractional Fourier transform of the convolution f(x) and g(x) is the product of the fractional
Fourier transform of ( )fxand g(x). Let k,u € $(R) and a > 0, then for any w € R, then

(Fulk * W) (@) = (Foh) (@) (Fow)

et weRtER

In particular
(Fk *w)(w) = (FK) (0)(Fu) () (w € R)
The convolution in the time domain is equivalent to multiplication in the frequency domain.

Result 2.14

Let B €C, ,R(B) > 0, t > 0 then F,(t#) = —L5

1\Bt+1
()

Theorem 2.15 Let y,f €C, R(y) >0,R(B) > 0,4 € R then hold

1 v-B
<—iwa> m!

1Y m+1
(<) =4
Lemma 2.16
The Fractional Fourier Transform of Prabhakar integral is given by

B ot ©] = (miot) " [1 -2 (i) " (i02)]

Proof:

Fo (e ETD (207)) =

t

FalEL yaoif®)] = F [ f (t —wWHLEY  [A(t — w)P] f(u)du]
= Fp[t#7'E} )] [F (©)]
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O () APk

th1 kZOW—IF(pk_I_#) F[f(®)]

=F,

N Yk Baler R
= F kmﬁx[f@]

v A Tk +p)
B Zk_]I‘(pk +’u)< ] )pk+u a[f( )]
k=0
- 1\ K

Yo (=iat) " (~i07) " B
k=0
= (~iwz) " [ Yo (=i07) |1
k=
= (—i(u%>_ﬂ [%AO (—iwé)o + %ll <—iw;)_p + 2—2!12 <—iwé)_2p + E/13 (—iwé)_w + - ] Fo[f(®)]

- (o) " T (cad) T TR k) 16+90°+2 D N

_ (—iwé)_# [1 —2 (—iwé)_p] Elf(®)]

1\ ~H 1\ P17V
i€ F[E 100 f©)] = (—icoe) [1—,1(—in) ] I A10)
Lemma 2.17
For m—1<u<m the Fractional Fourier Transform of Prabhakar derivative has the form

F[DY 0 f©)] = (—iwi) [1-2 (—iwé)_”]y ANO)

Proof:
D] e O] = o [dtm RANIC]

[dtmf (t—wm*E pm @ o0+ At — )P f(w)du
At |, [f (0)]

1- Y
_F[tm# mEpmum0+

= F[tF1E,Y ,AtP | [f (D]

o] _ /1 Pk
_r -V A" ))lFamt)]

t=Ht
e k! ]I‘(pk+(—u

- (Vi -, F, (t‘”*P"-l)
= /1"
_ C =)k Ak ]I‘(p + (= H))
&k T(pk + (—w) (—lwa)pk w Falf (D]

[
k=0

1

¥k - <—iwé>_pk <_iwa>ﬂ F,[f ()]

k!
:<“"““> [ 0( ;?" (- iwé)“’k Flf®)]
- (oo [ (i)« P () S )+ e ()

+ ] F[f(®)]
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( Lwa) [1 +(1—’|')1( ) r.E y)(2'y+ 1)( _w%)_u LNty +3!1)(—V+ 2) (_iwé)‘“’

+ ] Flf(®)]
_ (—zwé)“ [1 ~1 (—zwé)_p]_(_w ELf©]
je Fa[E;#MJ(t)] = (—iwé)ﬂ [1 -yl (—iwi)_p]y E[f(®]

3. Mittag-Leffler- Hyers -Ulam Stability of fractional differential equations using Fractional
Fourier Transform.
In this section, we are going to prove Mittag-Leffler- Hyer’s-Ulam stability for linear and nonlinear
fractional differential equations

{ D;/,u’/lu(t) +du(t) =q@), t*ul)lzo , te (0,T] ,d €R,

Dy au() +du(t) = G(tu®), t* u®lpm , te(0,T],deR,

with Prabhakar derivative using Fractional Fourier Transform.

3.1. Mittag-Leffler- Hyers -Ulam Stability of linear fractional differential equation
D;Mu(t) +du(t) =q(t), t"u®)|~o , te(0,T] ,d€eR.

Definition 3.1 The fractional differential equation

® (q(t),u(t), DI i, ....,D;’Z'#n‘lwu) =0,y,20,i=12,...n
Has Hyers-Ulam stability if for given € > 0 and a function u such that

o (a®)u@®, D}, Ju, ..., D )| <,
There exists a solution u, of the fractional differential equation such that
[u(t) — ug ()] < K(e),iiqrr(} K(e) = 0.
This statement is also true if we replace € and K(¢) by F(t) and C(t), where Fand C are appropriate
functions not depending on u and u, explicitly.
Theorem 3.2
Let G:[0,T]XR — R u(t) € C;_,[0, T]. If the function u(t) satisfies the inequality

D) pwu+du(®) —q(®)| <e0<p<1,deR (3.1)

Then there exists a solution u,(t): (0,T] - C of fractional differential equation
D) wu+d() =q(t) (3.2)
Such that

N
FHPE gt 2 (A1EP)

1) ~ e (0)] < 7 Z ar

Where E"Z:’l‘;uﬂ(lllt") is the generalized Mittag- Leffler function.

Proof:
For all t € (0,T], we consider

y(®) =D} ;u+du(t) —q(t)
Taking Fractional Fourier Transform on both 51de

()] = E[DY 50| + Fldu(®)] = Fylq(®)]
1\ M4
=(—iwa) [1— <lwa) ]F[u(t)] (ES7_pott) (O) + dF [u(®)] — E[q(®)]

By using the lemma and consider b = du,T'(1) and ¢ = er(m

= (—iw%)ﬂ [1-2 (—iwé)_p]y Fy[u(D)] — dugT(w) + dF [u(®)] — Flq(®)]
1\ M 1\ ~P1¥
Rly(©)] = {(—iwa) [1-2(=iwx) | + d} Falu(®)] - duoh () ~ F[a()]

Fly(®)] + dus () + Fylq(0)] = {(—iwé)u [1-2(-ia%) "] + d} F[u(®)]
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Fly(®)] N du,I'(w) + F,[q(®)]
{(—iw%y [1 -1 (—iwé)_p]y + d} {(—iw%)” [1 -1 (—iw%)_p]y + d}

At this point, by setting
© duoT (W) T3 ) thni- 1EV"+V#<MP) 520() Je aG(E-x)RmHEIEY Y (a(e-x)P)dx
Uy =

p.unt
d d
(3.3)

Fplu(®)] =

We have
o) -1 n
ol (o) B (1) BT, (469)
d
O o(G) [ aG (e - xym LB (A - x)P)dx

t1Fu, (t) =

d
This implies that u,(t) satisfies the initial value condition when
AT (9] P

We now apply the Fractional Fourier Transform on both sides of relation and use the convolution
property of the fractional Fourier transform we obtain

w (—1
gD (1) Biino () e4m 1B (2e)

d

F, [ua(t)] =

20 () [ GO — 0 IETSY e - x)P)dx
d

+F,

ol () i ()
d

F,[chntu=1EYY (AtP)]

Fa[ua(t)] =
IR 0( 1)n

U q()(t — x)HmHe=1EYY (At — x)P)dx

ol () i ()

Flu,(0)] = d

F,[chntu=1EY Y (AtP)]

n

1
S (T
+—°§ 7) Rt h i ()] Rl ()]

S () Rl B, Gen)
d

E, [ua(t)] = du,'(w) + Fa[q(t)]

n 1\ P(yn+y)—(un+p)
2o () (-°)
d 1P Y
(i) 4]

n 1\ Pyn+y)—(un+p)
(~i7)

[(—iwé)” o (_iwé)-p]]my

Foluqa(®)] = duoI'(w) + Folq(®)]

270 ()

d

= du,T'(u) + F,[q(®)]
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_q\n 1 py(n+1) 1 —u(n+1)
= duol(0) + Folq(®)] Z;ozot(iTl) (_lw(:n>+1) <_lwa> —py(n+1)
<—iw%)py [1 —A(—iw%) p]

[dugﬂ'(ﬂ)+F q(t)] [i d ( lwa) —u(n+1) (1 /1( lwé)_p)ﬂnﬂ)l

= [duoT(w) + Flq(®]1] 5 [ “"“) [ (W) ]

o (G () [t G i) [r-n ()]

1

= [auoT () + Eulg@)]] 5 (~iwt) [1—1(—iwé)_p]_i2[y1+(_7l) (‘i“’%yu[l‘l(‘i“’%)_p]_y
+(G) (o) " [roa () o]

+
[duOT(#) +F [q(t)]]%( lwa) [1 A( lwa)_p]_y %4_ (—ia%)w [1 — A(—iw%y”]—y:—l

= [duoﬁ‘(ﬂ) + Fa[‘](t)]] % (_iw%)_ﬂ [1 -1 (—iw%)_p]_y %4- — 1

T 1yP
= [duoT'(w) +Fa[q(t)]]%(_iwa)_ [1 /1( lw;)—p]—y l(—mt.) [1 _/1(—10)11.> +d

.1 Py

= [du,I'(w) + Fa[q(t)]]l(—iwa)_ [1 /1( lw;)—p]—y d (—Lw:) [1 - A(—Lw_a)y ]
d (oot i1 (i) ] +a
Fo[u,(0)] = duol() + Fo[q(t)]

{(—m%)“ [1 ~2 (—ia%)_p]y 4 d}

And taking (3.4) into account, we deduce that u,(t) is a solution of (3.2). There, by subtracting
relations(3.3) and (3.4) from each other we get

(3.4)

F[u(®)] — Ey[ug(0)] = Faly(©)] + duoT () + Fo[q(®)] — [duoT () + Fo[q(®)]]

{(_iwé)” 1-2(-i07) ] + d}

Flu®] = felua (0] = {( iwé)ﬂ 11?[:1((1:)3(“;);07’4_(1}
(3.5) | |

By lemma(2.16) right hand side of the above equation we have

E, o (T ) U E e A7) (t)]

S (SE) emET, ()
= Fa

p.un+p

y ‘F y(©)]

d
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) E[y(®)]

(o) b= T+

Hence the relation (3.5) can be written as

o () " Eppniu(t?)
( ) 7 *y(t)

Fa[u(t)] - Fa[ua(t)] =F

Finally, from (3.1) it follows that
n

w (—1
Tio () YL ()

lu(®) —u (O] = 7 *y ()

= | f VGOt — ) HIEY (e — x)P)dx
I+ VA [yt — 0P+ tdx
(=) 1k T (pk + pn + p)

© /1 k t
< (rn + )l (6 — )Pt -1 g
— |d[" KT (pk + un + 1) J

0 oo . .

=¢ Z Z (yn +y)elAl j (t — x)pk+;m+,u—1dx
||+ k! T (pk + pn + )

— i i ()/n + y)kl/’{lk (t _ x)pk+y,n+# x=t

- || k! T(pk + pn + ) [pk + pm + p(=D)], _,

_, i i (rm +1)lAl gPicHun
A1k T (pk + un + p) |pk + un + u
stH tunEpZ;K_u+1(|A|tp)

T n
i L 1d]

Where E[’;Zﬂﬂﬂ(l/lltp) is the generalized Mittag-Leffler function.
By the definition of the Hyers-Ulam stability theorem, the fractional differential equation 3.1 has
Mittag-Leffler- Hyers -Ulam Stability.
3.2. Mittag-Leffler- Hyers -Ulam Stability of Nonlinear fractional differential equation

DY u(®) +du(t) = G(tu®), t*'u)le— , te(07T] deR
Definition 3.3
For G:[0,T]XR — R, the fractional differential equation

® (G(t,u(t)),u(t),Dgimu, ....,D;’:‘#Mmu) =0, ¥,20i=12,....n
Has Hyers-Ulam stability if for given € > 0 and a function u such that
Y- Yn
|<p (G(t,u(t)),u(t), Dpi,m/lu’ ""’Dpn.un./l.0+u)| <g
There exist a solution u, of the fractional differential equation such that
lu(t) — u, ()| < K(s),ling K(e) = 0.
E—

This statement is also true if we replace € and K(¢) by F(t) and C(t), where Fand C are appropriate
functions not depending on u and u, explicitly.
Theorem 3.4
Let G:[0,T]XR - R u(t) € C,_ H[O T]. If the function u(t) satisfies the inequality
| pﬂwu + du(t) — G(t,u(t))| <eg0<u<li,
Then there exists a solution u,(t): (0,T] - C of fractional differential equation
D) wu+d(t) = G(t,u())

Such that
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+
FHME s 2 (A1EP)

)~ e (0] < 7 Z a

Where E}'CY . (12]tP) is the generalized Mittag- Leffler function.

Proof:

The proof is similar to that of theorem 3.2. the only difference is to replace the function ¢(t) by the
function G(t,u(t)).

4. Mittag-Leffler- Hyers -Ulam Stability of fractional differential equations using Fractional
Differential equations.

In this section, we are going to prove Mittag-Leffler- Hyer’s-Ulam stability for linear and nonlinear
fractional differential equations

{ Dy u(®) +du(®) —q®) =F(t), t*'u®)l= , t€(OT],deR,

D} au(®) +du(t) = G(t.u®)) =F@), t* 'u®l= , te(OT] deR,

With Prabhakar derivative using Fractional Fourier Transform.

4.1. Mittag-Leffler- Hyers -Ulam Stability of linear fractional differential equation
D;Wlu(t) +du(t) —q(t) = F@t), t*u(t)|. , te(0,T] ,deR

Theorem 4.1

For all t € C;_,[0,T].and some F(t) > 0, if a function u(t) satisfies the inequality

|D) pwu+du(®) — q@©)| < F(),0<u<1,d€eR (4.1)

The there exist a solution u,(t): (0,T] = C of the fractional differential Equation
D} wu + du(t) — q(t) = F(t) (4.2)

Such that

() = A ED a1 (21EP)
ld] & ld|™

lu(®) —u (O] <

Proof:
For all t € (0,T], we consider

y(®) =D} ;u+du(t) - qt) - F()
Taking Fractional Fourier Transform on both side

Fuly(®)] = Fo| D], u] + Fuldu(®)] = Fl q(0)] - FL[F(©)]
:(_iwé)“ [1_ ( La)a) ] Fulu®] = (7, pr1) (0) + dF[u®)] = Rl ()] = FlF(©)]

By using the lemma and consider b = du,I'(x) and ¢ = —drlzu)t

= (~iwz) [1-2 (—iwé)_p]y Fulu(®)] — dugT() + dFy[u(®)] — B 48] — F[F(0)]
1\ M 1\ P71V
by©) = {(-108) [1-2(=102) 7| + ) £u©] - duor G - Fla@) - ElFE)

1\ K 1\ ~P1Y
RO + it () + Fl a1 + Rl @] ={(~i0%) [1-2(-10) | +a} ftuco)
Fly(®) dugP () + Fel ()] + FolF (0)

[Cof T2t o) [t [-ae8) T 4

At this point ,by setting
duol (W) Tio(5H) tHHE—1ENIAY (4tP)
U () = =2 w5Feo()" : np

s o(G) [ GO — B e — x0P)dx
d
R o (FR) EFGOE = x)m =t BT (A = x)P)dx
d

Fa[u(t)] =

(4.3)
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We have
© -1\" n
t1 R, (8) = duoT (D) 570 () "Byt At?)
d
eor 3y (TE) JEqG (e — BT (e - x)P)dx

+

d
LU o () PG —xym it (A — x)7)dx

d
Which implies that u,(t) satisfies the initial value condition when
t' " Uy () =0

We now apply the Fractional Fourier Transform on both sides of relation and use the convolution
property of the fractional Fourier transform we obtain

o (—1
dupT () Tao (SF) B 0-LETEY (A9)

d

Folua (0] =

320 () [ aG(E — 0 tETY e - x)P)dx

+F, d

S0 (S EFG(E - xpm LB (e - x)P)dx

+F, d

n

duoT (1) 550 ()

Folu, (0] = = Fp[erm et By (AeP)]
1
i U q(x)(t — x)#nHH- 1Eg’;ﬂﬂ(/1(t—x)p)dx]
1\" .
+M@ [ f F(x)(t — x)Mn+u- 1EVZ§1H(A(t—x)P)dx]
0
—1\"
dugT(w) Y2, (5L
Rl (0) = > @) o B it O]
o (Z1\" o (Z1\"
+Z—”:°( Z) e+ Y ()| F[ q(©)] +Z—n=°( 7) E[ermtumi gy (AeP)|E, [ F ()]

d d

—1\" yn+y
Z;O:O (T) F [ttmﬂl 1Ep;m+‘u(ltp)]
d

Fa[ua(t)] = {duoﬂ—‘(ﬂ) + Fa[ Q(t)] + Fa[F(t)]}

1 )p(yn+y)—(un+u)

o
C [ AT

Fa[ua(t)] = {du,l'(n) + Fa[ Q(t)] + Fa[ F(O)1}
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n 1\ Pyn+y)—(un+p)
)

[(_iw%y) [1 ) (—iwé)—p]r”
Z?{’:g (_Tl)n (_iwé>py(n+1) (—iw%>_ﬂ(n+l) }
d

1\ PY(n+1) 1y —pY(n+1)
(—iwa) [1—A<—iwa> ]

370 ()
d

= {duol'(w) + Fe[ (O] + Fy[ F(t)]}l

= {duol'(w) + Fo[ (O] + Fe[ F(t)]}l

= {du,I'(w) + F,[ q(t)] + Fa[F(t)]}% [i (_71)11 <_iwé>—u(n+1) (1 . (—iw%>_p)ﬂn+1)l
n=0

= (duol () + Ful q(0] + BLFOT) 3 [(_—1) (-ias) " [1-2 (-w@_p]_y

(G ) o) T G () o)
= [duT(W) + Fy[ q(t)]]%(—iwé)_” [1 _ 3 (_iwé)‘f’]‘y [1 s (_71>1 (—iwé)_# [1 » (_iwé)_p]_y

2

Q) () ot T+
= (dugT() + F[ ()] N -
+ F[FM®I % <—iw%)_# [1 -2 (—iw%)_p] ' % + (—iwé)_# [1 -2 (—iwé)_p] y_
— (dugT (W) + Fel ()]
B e e
- LyE T
— (w00 + Bl qO) + RLFOD & (~i07) *[1-2(-ia?) | ) [1”_ () 1 ]_,,+yd
d (—iwa) [1 ~2 (—iwa) ]
A P
= (@ual (D) + ELa(O] + BLFOD 7 (~iwz)  [1-2 (mi)"’]_yl (o) [roa (i) |

][] T oo

dugl (1) +Fq[ q(t)]+Fa[ F(£)]

Fy[uq ()] ={ —p17 }

(_iw;)“[l_l(_iwé) ] v

(4.4)

And taking (4.4) into account, we deduce that u,(t) is a solution of (4.2). There, by subtracting
relations(4.3) and (4.4) from each other we get

F (0] — [y (0] = 21+ dual @) + Fal q@)] + [ FO] - [duol G0 + Fl O] + B FO]]

() =) ]




Excel International Journal of Technology, Engineering and Management
2026; Volume -13, Issue-4_Page_32-46

Foly(®)]

1\ K 1\ ~P1Y
{(—iaﬁ) [1 -1 (—iwﬁ) ] + d}
By lemma right hand side of the above equation we have

o _ [*) -1 "
Zn:o( d ) t”"EgZ;Ku(ltp) Zn:o (T) f“"EgZ;Ku(ltp)
« d * Y(t) =K d

Fp[u(®)] = Falua (0] =

F,[y(8)]
Fly@®)]

(o b= T+

Hence the relation (3.5) can be written as

50 () B, %)
Fyu(®)] = Flua(0)] = E, ) T y(®)

Finally, from (3.1) it follows that
_ n
o (57) tmELY, (1t9)

[u(6) = 1 (0)] = T —y(©
1 n
e dd) f y()(E = )M HHLEN (A - )°)dx

rn+ )it [ y (e — )+ tdx
(=d)"* kI T (pk + un + u)

-3,

k=0

o) oo A . )
S )Z Z (yn + y)kl | f |(t _ x)pk+,u7’l+y,—1|dx
— £ 0| ["*1k! T(pk + pn + w) J,
SO mAdal
=F(t Z Z f t— pk+un+#—1d
v 4 £ |d|™ e T (pk + pn + p) (£=% x
n=
= F(t) i N (yn + V)k|/1|k (t — x)Pk+un+u x=t
B +1 —
n=0k:0|d|n k!'T(pk + pn +p) [pk +pn + u(=1)] _,
=F(t) i i (n + P)ilAl” poltunu
) n—Ok—0|d|n+1k!E(pk+Mn+M) pk+un+u
F(t)t+ - t#nEZZ:lK-uH(th)
i 2. ar

Where  EY707 . (1A]tP) is the generalized Mittag-Leffler function.
By the definition of Hyers-Ulam stability theorem, the fractional differential equation 3.1 has Mittag-
Leffler- Hyers -Ulam Stability.
4.2. Mittag-Leffler- Hyers -Ulam Stability of Non-linear fractional differential equation
DY u(t) +du(®) - G(t.u®)) =F@), t"'u®l— , te€(0T] deR
Theorem 4.2
Let G:[0,T]XR - R u(t) € C,_ H[O, T]. If the function u(t) satisfies the inequality
D} pwu + du(®) — G(t,u®)| < F@®),0<pu<1,

Then there exists a solution u,(t): (0,T] - C of fractional differential equation

D) wu+d@®) —G(t,u(®)) =F(t)
Such that

[u(®) —uq ()] <

F()th o A Ep e (A1EP)
|d| z |d|n
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Where EY0Y . (12]tP) is the generalized Mittag- Leffler function.

Proof:
The proof is similar to that of theorem 4.1. the only difference is to replace the function q(t) with
the function G (¢, u(t)).

5.Example
1.Let us consider the fractional differential Equation
5vVet 11

+6t2+—
16

D111 u(t) + 6u(t) =
J—

Whereu=1,p=1,6§ =1and q(t) =
For e = %, the function u(t) satisfies

5vVet 1
— 6t 2__

<1
8

1
And the initial condition is tEu(t)l .By using (),an exact solution of () can be written as u,(t) =

n
—Zno( ) fo(s )(t—X)Z Ef: s(t — x)dx,
2 2
And the error of the approx1mate solution u, (t) is given by

Elnjl 3(t)

U () — g () < — a Ziwn

DYy u(t) + 6u(t) —
1,5,1

So that
12 t2 En+1 3(t)

1_
482 |6|"
Is the control function of u, (t)
6.CONCLUSION
In this paper this research analysis Hyers-Ulam-Mittag-Leffler's stability of linear and non-linear
fractional differential equations with Prabhakar derivative using Fractional Fourier transform. By

proven results, we show that fractional differential equations are stable in the sense of “Mittag-
Leffler-Hyers-Ulam”. Some examples are given to illustrate the main theoretical results.
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