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Abstract:
In this paper, we prove the Hyers-Ulam stability of the orthogonally n-dimensional quadratic functional equation of the form

n n n 2 n
gl = x|+ > g —x].+ > X :(n—3) > g(xl. +xj)+(—n +5n—2) > g(xl.)
i=1 j=1 i=li#j I<i<j<n i=1
where n is a positive integer with n > 3.
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1.Introduction

In 1982, J. M. Rassias[13] followed the innovative approach of the Th. M. Rassias theorem in
which he replaced the factor ||x||p +||y||p by ||x||p ||y||p for p,q € R with p + g=1. A generalization

of all the above results was obtained by P. Gavruta[5] in 1994 by replacing the unbounded Cauchy
difference by a general sontrol function ¢(x,y) in the spirit of Rassias approach.

In 2008, a special case of Gavruta’s theorem for the unbounded Cauchy difference was
obtained by Ravi et al., by considering the summation of both the sum and the product of two p-
norms in the sprit of Rassias approach. The stability problems of several functional equations have
been extensively investigated by a number of authors and there are many interesting results
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concerning this problem ( see[1,2,3,4,6,10,12,15] . Some of the functional papers are used to
develop this paper which are [5,7,8,9,14].

Definition 1.1A vector space X is called an orthogonally vector space if there is a relation x L y on
X such that

(i) xL10,0Lx forall xeX;

(ii) If x Ly and x,y #0, then x, y are linearly independent;

(iii) x Ly, then ax L by forall a,beR;

(iv) If P is an two-dimensional subspace of X; then

(a) forevery x e P there exists 0 # y € P such that x L y;

(b) there exists vectors x,y #0 such that x L y and x+y Lx—y.

Any vector space can be made into an orthogonally vector space if we define x L 0, 0 L x for all
x and for non zero vector x , y define x L y iff x, y are linearly independent. The relation L is
called symmetric if x Ly implies that y L x for all x,y € X . The pair (X,L) is called an

orthogonality space. It becomes orthogonality normed space when the orthogonality space
equipped with a norm.

!

and study the Hyers-Ulam stability in the concept of orthogonality and Ulam-Gavruta-Rassias
stability.

In this paper, we investigate n-dimensional Euler-Lagrange functional equation of the form

I ™M

n n 2 n
lxl. + .Z g —xj+ > X; :(n—3) > g(xl.+xj)+(—n +5n—2) > g(xl.)(1.1)

j=1 i=1,i#] 1<i<j<n i=1

A mapping g: X =Y is called orthogonal quadratic if it satisfies the quadratic functional

equation (1.1) for all x,x,,...,x, € X with x, Lx, L...L x where X be an orthogonality space

and Y be a real banach space.

2. Stability of the Orthogonally Euler-Lagrange Type Functional Equation (1.1) involving Sum of
Powers of Norms

1)

In this section, let (.X,1) denotes an orthogonality normed space with norm ||, and (Y,

is a Banach space.

Theorem 2.1 Let A and s(s<2) be non-negative real numbers. Let g: X —Y be a mapping
fulfilling
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i=1

n n n 2 n
gl 2x. |+ 2 g —=x.+ X «x —(n—3) > g(x.+x.)—(—n +5n—2) > g(x,)
1 J 1 [ i
i=1 j=1 i=1,i#j 1<i<j<n '

Y

<2{l

+...+

', 50| @.1)

X
for all x,x,,...,x, € Xwith x;, Lx, L...1 x . Then there exists a unique orthogonally quadratic

mapping A: X — Y such that

A«
g (x)-A(x)], < 2(n_5|)(2§ 7 2.2)

forall xe X .

Proof. Setting (xl,xz,...,x”) by (0,0,...,0) in (2.1), we have f(O)zO. Letting Replacing

(x,%,,...x,) by (x,—x,x,—x,x,0,...,0) in (2.1), we obtain

[2(n-5)g(2x)=8(n=5)g (x)], < A{J1l} @.3)
forall xe X . Since x L 0, we get

@—g(@

1 P
<Al 2.4
, 8(n-5) { X}

for all xe X . Now replacing x by 2x and divided by 4 in (2.4) and summing the resulting
inequality with (2.4), we obtain

g(2’x) Yg8(n’1_5){1+§—;}|x

24 _g(x)
for all x € X . Using the induction on n, we receive

N

X

g(znx) A n—1 2sk
y2n _g(x)HY < 8(n_5)222k |

k=0

X

X (2.6)

s
X

s A =, 2%
<
X _8(n_5)222k|

k=0

g(2”x)

for all xe X . In order to prove the convergence of the sequence { } replace x by 2" x

and divided by 2*" in (2.6), for any n,m >0 we get

23



Excel International Journal of Technology, Engineering and Management
2026; Volume -13, Issue-4_Page_21-31

2’“’” g(2"x 1 lgl2""x .
% 2(w+m) - (22m )” = 92m (22n ) —g(2 x)
Y Y
l n—1 2Sk . s
“3(n1=s5)2" i

/’{ ) 2s(k+m)

S5 &

o0

A 1
<
~8(n-5) 27

(2.7)

k=0

2'1
As s <2, the R.H.S. of (2.7) tends to 0 as m —> oo for all x € X. Thus % is a Cauchy

sequence. Since Y is complete, there exists a mapping 4: X — Y such that

A(x)zlimg(2zx) ,VxelX.

n—o0 22

Taking n =00 in (2.6), we have at the formula (2.2) for all x€ X . To prove A satisfies (1.1),
replace (xl,xz,...,xn) by (2”x1,2"x2,...,2"xn) in (2.1) and divided by 2*" then it follows that

1 Z 2" x; + Z gl 2" - Xj+ § X —(n—3) > g(zn(x.+x.))—(—n2+5n—2) g‘, g(2nx.)
27175 i=Li% ) < i b ; !

j=1 I<i<j<n i=1
n N
Xl (-

&

Again taking limit as # — o in the above inequality, we have

Y

N

n
(Z X, J+ > 4 —xj+ Z X; —(n—3) > A(xi+xj)—(—n2+5n—2) > A(xl.) =0
i=1 j=1 i=l,i#j 1<i<j<n i=1 v

which gives
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for all x,,x,,...,x, € X with x, Lx, L...Lx, . Therefore 4: X —7Y is an orthogonally quadratic
mapping which satisfies (1.1).

To prove the uniqueness of A. Let B be another quadratic function satisfying (1.1) and the
inequality (2.2). Then

4(0)-B(x)], =55

A(2'x)-B(2'x)

Y

< (4(27x)-2(27x)

*le(21)-5(2%)

)

—> 0asn—>w

A = 1 s
< 8(”l _5) Z 2(2—s)(k+m) ||x X

k=0
for all x € X . Therefore A is unique. This completes the proof of the theorem.

Theorem 2.2 Let A and s(s>2) be non-negative real numbers. Let g: X —Y be a mapping
fulfilling

n n n 2 n

gl 2 x. |+ 2 gl —=x.+ X «x —(n—3) > g(x.+x.)—(—n +5n—2) > g(x.)
ol ; J o] . roJ : l
i=1 j=1 i=l,i#j I<i<j<n i=1 v

X} (2.8)

S
X +||X2

S
e b

<2{llx

for all x,,x,,....,x, € Xwith x;, Lx, L... L x, . Then there exists a unique orthogonally quadratic

mapping A: X — Y such that

A«
—A < X 2.9
forall xe X .
X
Proof. Replacing x by 5 in (2.3), we arrive
X 1 s
4g| = |- <—— 2 .
pe(3 -] <z el o

by
for all x € X . Now replacing x by E and multiply by 4 in (2.10), we obtain
X X A
4g| = |-2%g| =
H g(zj g[zzj

SW 2.11)

|| )
X

X
Y
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From (2.10) and (2.11), we get

et 5| oo e

for all x € X . Using the induction on n, we receive

o

(2.12)

N
X

Y

|x |x (2.13)

N
X

s A 2%
<~
X = Z(n_s)zs Zzsk

k=0

l n—1 22k
[ -
T 2(n-5)2 25

k=0

X X
for all xe X . In order to prove the convergence of the sequence {ZZ"g(?j} replace x by 2—m

and multiply by 2% in (2.13), for any n,m >0 we get

22(’”,") X _22," i 22;1 X _ i
g(z;ﬁ.m g 2m g 2n+m g 2m

N

_ 22m

Y

Y

X
om

< 2°" ’if"

2.14
2(n-5)2° & 2" 219

X

X
As §>2, the R.H.S. of (2.14) tends to 0 as m —> o for all x e X. Thus {22"g(2—nj} is a

Cauchy sequence. Since Y is complete, there exists a mapping 4: X — Y such that

n—»0

A(x)zlim22"g(2—xnj,‘v’xeX.

Taking n — o0 in (2.13), we have at the formula (2.9) for all x € X . To prove the uniqueness of A
and it satisfies the equation (1.1), the proof is similar to that of Theorem 2.1

3. Stability of the Orthogonally Euler-Lagrange Type Functional Equation (1.1) involving Constant
only.

Theorem 3.1 Let A be non-negative real number. Let g: X — Y be a mapping fulfilling

n n n > n
g .Z x|+ Z g —xj+ > X; —(n—3) > g(xl.+xj)—(—n +5n—2).Z g(xl.) <A (3.1)

i=1 j=1 i=l,i#j 1<i<j<n i=1 v

for all x,x,,....,x, € Xwith x, Lx, L... L x . Then there exists a unique orthogonally quadratic

mapping A: X — Y such that
le(x)-4(), = 32
Y 6(n—5)

forall xe X .
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Proof. Setting (x;,X,,...,x,) by (0,0....,0)in (3.1), we have f(0)=0. Replacing (x,,x,....,x,)

by (x,—x,x,—x,x,0,...,0) in (3.1), we obtain

H2(n—5)g(2x)—8(n—5)g(x)”y <A (3.3)
forall xe X . Since x L 0, we get

1
<——2 (3.4)
v 8(n—5)

2 (x)

4

for all xe X . Now replacing x by 2x and divided by 4 in (3.4) and summing the resulting
inequality with (3.4), we obtain

g(22:x) | 8(n/1—5){1+%} (3.5)

Y

for all x € X . Using the induction on n, we receive

g(2"x) FRR= A 1
— <— )Y <y 3.6
2211 g(x) 8(n—5)222k S(n_5)222k ( )

k=0 k=0
Y

g(2”x)

22n

for all x€ X . In order to prove the convergence of the sequence replace x by 2" x

and divided by 2" in (3.6), for any n,m >0 we get

g(2""x) g(2"x 1 lgl2""x .
% £2(n+m) )_ (22m )H :22m (22n )_g(2 x)
Y Y
A |
Ss(n—s)zzmkz_(;zT’f
PR (3.7)

- 8(’1_5) o~ 22(k+m)

g(2"x)

As s <2, the R.H.S. of (3.7) tends to 0 as m —> o for all xe X. Thus

is a Cauchy

sequence. Since Y is complete, there exists a mapping 4:.X — Y such that

A(x):limg(2nx) vV xeX.

n—»m 22" i
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Taking n — o0 in (3.6), we have at the formula (3.2) for all x€ X . To prove A satisfies (1.1),
replace (x,,x,,...,x,) by (2”x1,2"x2,...,2”xn) in (3.1) and divided by 2*" then it follows that

1 n n n n n
el X227 x |+ X g 2" —Xj+ X —(n—3) 2 g(2 (x.-‘rx )
2 - ! i=1i% ) b

i=l j=1 1<i<j<nm

S—

_ (—n2 +5n—2) g g(2n x; )

i=1 v

S 2%”

Again taking limit as # — o0 in the above inequality, we have

n n n ) n
A .lel. + ZIA —xj+ > X; —(n—3) > A(xl.-i-xj)—(—n +5n—2) > A(xl.) =0
i= j=

i=l,i#j 1<i<j<n i=1 ,

which gives

n n n 5 n
g .lel. + > gl —x.+ X X; =(n—3) > g(xl.+xj)+(—n +5n—2) > g(xl.)
i= J

i—1 7 izlizg 1<i<j<n i=1
forall x,,x,,...,x, € X with x, Lx, L...Lx, . Therefore 4: X —7Y is an orthogonally quadratic
mapping which satisfies (1.1).

To prove the uniqueness of A. Let B be another quadratic function satisfying (1.1) and the
inequality (3.2). Then

J4(0)-B(x)], =55

4(2"x)-B(2"x)

Y

‘A(Z”x)—g(Z”x)

e (27x)-5(2'%)

)

R
< S(H_S);Z(zs)(k+m) —> 0asn—>w

for all x € X . Therefore A is unique. This completes the proof of the theorem.

Theorem 3.2 Let A be non-negative real numbers. Let g: X — Y be a mapping fulfilling

n n n ) n
gl x|+ X gl —x.+ X «x —(n—3) > g(x.+x.)—(—n +5n—2) > g(x.) <A (3.8)
i J i i i
i=1 ') j=l i=Li# 1<i< j<n i=1 .
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for all x,x,,....,x, € Xwith x, Lx, L... L x, . Then there exists a unique orthogonally quadratic

mapping A: X — Y such that

A
forall xe X.

X
Proof. Replacing x by 5 in (3.3), we arrive

o )-o00

b
for all x € X . Now replacing x by E and multiply by 4 in (3.10), we obtain

CHERE

From (3.10) and (3.11), we get

2] g} oo

for all x € X . Using the induction on n, we receive

1
<——4 3.10
2(n-5) G190

Y

2’2

_m (3.11)

Y

Y

ﬂ’ n—1 ﬂ, )
<— 2 Nt T NN (3.13)
v 2(n—5) s 2(n—5)kz(;

X by
for all xe X . In order to prove the convergence of the sequence {ZZ"g[FJ} replace x by 2—m

and multiply by 2*" in (3.13), for any n,m >0 we get

22(n+m) X _ 22m i — 22m 22;1 X _ i
g(_znm g 2" )|, g Qe g 2" )|,
22m l n—1

<——— N2 3.14
23 & (19

X
As s>2, the R.H.S. of (3.14) tends to 0 as m —> for all xe X. Thus {22"g(§j} is a

Cauchy sequence. Since Y is complete, there exists a mapping 4: X — Y such that
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A(x)zlim22”g[21n) , VxelX.

n—0

Taking n — o in (3.13), we have at the formula (3.9) for all x € X . To prove the uniqueness of A
and it satisfies the equation (1.1), the proof is similar to that of Theorem 3.1

4. Stability of the Orthogonally Euler-Lagrange Type Functional Equation (1.1) involving Sum of the

Product of Powers of Norms

2
Theorem 4.1 Let A and S(S <—] be non-negative real numbers. Let g: X — Y be a mapping

n
fulfilling

Y

n
(Z X, J+ 2 g % + Z g(xl.+xj)—(—n2+5n—2) > g(xl.)
i=l1 j=1 i= llij 1<l<]<n =1
<A

(1=, (Il s [7))

for all x,x,,....,x, € Xwith x, Lx, L... L x, . Then there exists a unique orthogonally quadratic

|| X

n

mapping A: X — Y such that

Je()-(5), =5 a5

forall xe X .

Proof. The proof is same as the proof of Theorem 2.1.

Theorem 4.2 Let A and s(s >
n

2
—j be non-negative real numbers. Let g: X — Y be a mapping

fulfilling
2 n
Z x|+ Z g —x]+ Z X; —(n—3) )y g(xl.+xj)—(—n +5n—2) 'Z g(xl.)
i

=1 j=1 i=l,i#j 1<i<j<n
o w7}

for all x,,x,,....,x, € Xwith x;, Lx, L... L x, . Then there exists a unique orthogonally quadratic

ns

+||x2

n

mapping A: X — Y such that

Hg(x)—A(x)HY < 2(n-5)(2" -2°)

forall xe X .
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Proof. The proof is same as the proof of Theorem 2.2.
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